A constant regression of the quotient on the sum of two i.i.d. nondegenerate positive random variables is a characteristic property of the gamma distribution.
where a, b are real numbers and X, Yare independent non-degenerate positive random variables.
In this note we replace Lukacs' independence condition by other regressional assumptions.
Theorem 1. Let X and Y be independent non-degenerate positive random variables such that EX < 00 and EX-1 < 00. If the conditions
hold for some real a, b, then 0 < b -1 < a < 1 and X, Y have gamma distributions with the same scale parameter.
Proof. From the assumptions we get
Consequently 0 < a < 1, b > 1. The non-degeneracy of X implies EXEX-1 > 1 and ab > 1.
Letters to the editor
From (1) and (2) we have, respectively,
.
and consequently
Now from the first equation in (3) we get
489
Hence X and Y have gamma distributions with the same scale parameter k/(c -1) and shape parameters a(b -1) and (b -1)(1-a) ab-l ab-l respectively.
As a simple corollary from Theorem 1 we have the following characterization for identically distributed random variables. Proof. The assumption of identical distributions yields (1) with a = 1/2. On the other hand (4) implies (2) with b = c + 1. Consequently 1> ab = (c + 1)/2 and thus the result follows from Theorem 1.
